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Abstract - Diffusion encoding along multiple spatial directions per signal acquisition can be described in terms 
of a b-tensor. The benefit of using tensor-valued diffusion encoding is its ability to isolate microscopic diffusion 
anisotropy and use it as a contrast mechanism, something that is not possible with conventional diffusion encod-
ing. Methods based on tensor-valued diffusion encoding are finding an increasing number of applications, which 
highlights the challenge of designing gradient waveforms that are optimal for the application at hand. In this work, 
we review the basic design objectives in creating field gradient waveforms for tensor-valued diffusion MRI, as 
well as limitations and confounders imposed by hardware and physiology, effects beyond the b-tensor, and arti-
facts related to the diffusion encoding waveform. Throughout, we discuss the compromises and tradeoffs with an 
aim to establish a more complete understanding of gradient waveform design and its interaction with accurate 
measurements and interpretations of data. 
 
1. Introduction and background 
Diffusion magnetic resonance imaging (dMRI) sen-
sitizes the MR signal to the random movement of 
water. As the water diffuses, it probes the local en-
vironment and senses hindrances and restrictions 
imposed by the microstructure of the tissue. In this 
way, features of the microstructure are impressed on 
the movement of the water and—given an appropri-
ate experimental setup—those features are encoded 
in the observed signal. For example, diffusivity ap-
pears slower as tissue density increases (Chen et al., 
2013), and may exhibit anisotropy if the structures 
are anisotropic (Beaulieu, 2002, Stanisz et al., 
1997). Thus, dMRI provides a unique and non-inva-
sive probe of the tissue microstructure. A major dis-
covery, that propelled dMRI as a clinical and re-
search tool, was that it could detect cerebral ische-
mia at an earlier stage than other contemporary im-
aging modalities (Moseley et al., 1990a, Moseley et 
al., 1990b). Ever since, dMRI has been essential in 
a wide range of clinical applications (Sundgren et 
al., 2004). It has also been useful in research, includ-
ing microstructure imaging related to brain develop-
ment (Lebel et al., 2019), learning (Zatorre et al., 
2012, Thomas and Baker, 2013), cancers (Padhani 
et al., 2009, Nilsson et al., 2018a), and other diseases 
of the body and central nervous system (Horsfield 
and Jones, 2002, Jellison et al., 2004, Taouli et al., 
2016, Budde and Skinner, 2018, Assaf et al., 2019), 
as well as for white matter tractography and connec-
tivity (Tournier, 2019, Jones, 2008).  
The success of dMRI is in no small part due to the 
simple and robust experimental design proposed by 
Stejskal and Tanner (1965), where a pair of trape-
zoidal pulsed field gradient flank the refocusing 
pulse in a spin-echo sequence (Hahn, 1950). We will 
refer to this design as single diffusion encoding 
(SDE), since a single pair of pulse is used (Shemesh 
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et al., 2016), commonly described in terms of the b-
value and an encoding direction (Le Bihan et al., 
1986). In fact, this half-century old approach is still 
the primary workhorse in most diffusion MRI stud-
ies. However, this design is also inherently limited 
by the fact that it encodes diffusion along a single 
direction for each preparation of the signal (Mitra, 
1995, Cheng and Cory, 1999); here referred to as 
‘conventional’ or ‘linear’ encoding. For example, 
linear encoding conflates the effect of heterogene-
ous isotropic diffusivity and disordered anisotropic 
diffusion (Lasič et al., 2014, Henriques et al., 2019, 
Novikov et al., 2018b, Mitra, 1995), making it a 
poor probe of microscopic diffusion anisotropy in 
complex tissue. We note that this limitation does not 
arise due to the choice of analysis method but is ra-
ther a fundamental limitation of the information en-
coded by the measurement itself. Thus, a more elab-
orate experimental design is warranted.  
In 1990, double diffusion encoding (DDE) was pro-
posed as a method for measuring the local shape of 
pores by Cory et al. (1990). It was an extension to 
SDE that added a second pair of pulses, allowing the 
encoding direction of each pair of pulses to be mod-
ulated independently and thereby probe the correla-
tion of diffusivity across directions in a single prep-
aration of the signal. The principles of DDE are ex-
cellently summarized by Özarslan (2009), Shemesh 
et al. (2010b), Finsterbusch (2011), and Callaghan 
(2011). This realization spawned a rich field that ex-
plored non-conventional diffusion encoding as a 
probe of features that are inaccessible by conven-
tional diffusion encoding. Most notably, DDE has 
been used to probe microscopic diffusion anisot-
ropy, even in cases where the substrate is isotropic 
on the voxel scale (Callaghan and Komlosh, 2002, 
Özarslan and Basser, 2008, Lawrenz et al., 2010, 
Jespersen et al., 2013, Jensen et al., 2014, Shemesh 
et al., 2010a, Komlosh et al., 2007, Najac et al., 
2019). 
More recently, a combination of isotropic and linear 
diffusion encoding was proposed as an alternative 
probe of tissue microstructure (Lasič et al., 2014, 
Eriksson et al., 2013). The paradigm of trapezoidal 
pulses was replaced with freely modulated gradient 
waveforms where the dephasing q-vector was spun 
at the magic angle to achieve isotropic diffusion en-
coding (Topgaard, 2013). By using both isotropic 
and linear diffusion encoding, the sensitivity to mi-
croscopic diffusion anisotropy could be maximized 
or minimized, thereby isolating the effects of micro-
scopic diffusion anisotropy and orientation coher-
ence from isotropic heterogeneity (Lasič et al., 2014, 
Szczepankiewicz et al., 2015). At this point, the 
waveform design could be deployed on clinical 
high-performance MRI systems (Szczepankiewicz 
et al., 2016), but required an exceedingly long en-
coding time and a more efficient waveform design 
was therefore warranted. Indeed, isotropic or ‘trace-
weighted’ diffusion encoding had already been in-
troduced independently by Mori and van Zijl (1995) 
and Wong et al. (1995), and used to accelerate the 
measurement of the mean diffusivity. By assuming 
rotation invariance of the diffusion encoding, as few 
as two images at different b-values could be used to 
estimate the mean diffusivity in an anisotropic sub-
strate instead of the minimal four images when using 
conventional encoding (Mori and van Zijl, 1995, 
Wong et al., 1995, Butts et al., 1997, Heid and 
Weber, 1997, Moffat et al., 2004). 
In 2014, Westin et al. (2014) proposed a general 
framework for describing diffusion encoding for ar-
bitrary gradient waveforms and its effect on multi- 
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Figure 1 – A variety of gradient waveform de-
signs and their dephasing vector trajectory in 
a spin-echo sequence. For comparability, all 
waveforms are adapted to yield b = 2 ms/µm2 
at a minimal encoding time constrained to a 
maximal gradient amplitude of 80 mT/m and 
maximal slew rate of 100 T/m/s. We assume 
that the refocusing pulse lasts 8 ms and the en-
coding duration after the refocusing is 6 ms 
shorter than the duration before (𝛿1 = 𝛿2 + 6 
ms). Columns, from left to right, show the ef-
fective gradient waveform, the physical gradi-
ent trajectory, the dephasing vector trajectory, 
and table of characteristics related to the b-ten-
sor shape (2.1), encoding efficiency (2.3), op-
timization norm (3.1), relative energy con-
sumption (3.2), and concomitant gradient 
compensation (5.2), as described throughout 
the paper. The monopolar pulsed field gradi-
ent by Stejskal and Tanner (1965) yields dif-
fusion encoding along a single direction, also 
called linear b-tensor encoding (LTE). The 
waveform used by Cory et al. (1990), known 
as double diffusion encoding (DDE), com-
bines two orthogonal pairs of bipolar pulses to 
yield planar b-tensor encoding (PTE). This de-
sign allows arbitrarily directions for the two 
pairs and can therefore yield b-tensor shapes 
between LTE and PTE. The remaining wave-
forms yield spherical b-tensor encoding (STE) 
with varying encoding efficiency, as indicated 
by their duration (shorter times are more effi-
cient). We note that the design denoted Mori 
and van Zijl (1995)-PI*, is a modification of 
‘pattern I’ that improves efficiency while re-
taining compensation for concomitant gradi-
ent effects (‘K-nulling’ in section 5.2). The 
waveform by Wong et al. (1995) was split in 
two parts and placed around the refocusing 
pulse, according to the implementation in 
Butts et al. (1997). Finally, we note that the 
waveform by Heid and Weber (1997) is a 
modified variant of the ‘one-scan-trace’ de-
sign found at Siemens MRI systems (Dhital et 
al., 2018). 
 
Gradient waveform design for tensor-valued encoding in diffusion MRI Submitted to the Journal of Neuroscience Methods 
4 
 
Gaussian diffusion, including the effects of micro-
scopic diffusion anisotropy and isotropic heteroge-
neity. The conventional description of the experi-
ment in terms of the b-value and encoding direction 
was replaced by the ‘b-tensor’ which, in addition to 
the b-value and direction, carries information about 
the shape of the diffusion encoding (Westin et al., 
2014, Eriksson et al., 2015, Westin et al., 2016). 
Like the anisotropy of the well-established diffusion 
tensor, the anisotropy of the encoding b-tensor could 
now be modulated to set the measurement’s sensi-
tivity to anisotropy; measuring with an anisotropic 
b-tensor is sensitive to diffusion anisotropy whereas 
using spherical b-tensors is not. Since the b-tensor 
framework encourages the inclusion of gradient 
waveforms that exert diffusion encoding in more 
than one direction per signal preparation—which 
cannot be captured by a single vector as in SDE—
we refer to such encoding as ‘tensor-valued.’  
This theoretical framework has been applied in the 
clinical setting to investigate healthy brain 
(Szczepankiewicz et al., 2015, Tax et al., 2020, 
Dhital et al., 2018, Dhital et al., 2019, Lampinen et 
al., 2019, Lundell et al., 2020a), brain tumors 
(Nilsson et al., 2018b, Szczepankiewicz et al., 
2016), multiple sclerosis (Winther Andersen et al., 
2020) as well as body applications in kidney (Nery 
et al., 2019) and heart (Lasič et al., 2019). It has been 
demonstrated to improve quantification of fiber dis-
persion (Cottaar et al., 2018), biophysical compart-
ment modelling (Lampinen et al., 2017, Lampinen 
et al., 2019, Afzali et al., 2019, Reisert et al., 2019), 
and add information to diffusion-relaxation-correla-
tion experiments that improves the separability of 
water pools in biological tissue (Lampinen et al., 
2020, de Almeida Martins et al., 2020). Many of 
these studies are made possible by proficient exper-
imental design, hinging on efficient gradient wave-
forms that can deliver the required b-tensor in a short 
encoding time. For example, the numerical optimi-
zation framework by Sjölund et al. (2015) generates 
gradient waveforms for tensor-valued diffusion en-
coding that can be tailored to the requirements of the 
experiment and hardware. This provides gradient 
waveforms with superior encoding efficiency, in 
some cases reducing the necessary echo time by a 
factor of two, facilitating acquisition times compat-
ible with clinical research and facilitating data qual-
ity that is comparable to routine diffusion MRI 
(Szczepankiewicz et al., 2019c, Szczepankiewicz et 
al., 2019d). 
The b-tensor formalism and tensor-valued diffusion 
encoding has seen a rapid uptake in diffusion MRI 
research and there already exists many capable gra-
dient waveform designs that are potential candidates 
for such experiments. We therefore review past and 
present gradient waveform designs that yield tensor-
valued diffusion encoding, and we aim to illustrate 
the many features that may go into the design of ever 
more efficient and specialized designs. As a touch-
stone, we show a selection of waveform designs in 
Figure 1; all adapted to a common and realistic 
premise, as described in the caption. The figure 
shows designs that produce different b-tensor 
shapes, encoding efficiency, trajectories through q-
space, restrictions on the gradient vector magnitude, 
compensation for concomitant gradient effects and 
energy consumption—all of which will be described  
and referenced throughout this review. Since many 
of these features translate poorly onto paper, we 
have shared resources to produce the waveform, as 
well as all figures so that they can be enjoyed in  
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three-dimensions1. This review explores basic de-
sign goals and their relation to limitations imposed 
by the MRI system as well as the physiology of the 
subject. We also provide an overview of the features 
that cannot be captured by the b-tensor, and may 
therefore be exploited in extended experiments, or, 
if ignored, impact the measurement as potential con-
founders. Lastly, we survey common artifacts that 
may appear as a direct result of the diffusion encod-
ing gradient waveform design. 
2. Tensor-valued diffusion encoding 
2.1. Theory of tensor-valued diffusion encoding 
Diffusion weighting is achieved by inducing phase 
incoherence in an ensemble of spins that exhibit ran-
dom movement (Torrey, 1956, Pipe, 2010). Collec-
tions of spin can be represented by magnetization 
vectors, where the phase of each vector depends on 
the magnetic field strength experienced over a given 
time. By applying a magnetic field gradient over the 
object, we create a connection between movement 
and phase shift. The phase shift is proportional to the 
strength of the applied gradient and the distance that 
the spin traversed along the direction of the gradient, 
which can also be thought off as movement along a 
Larmor frequency gradient. For any given gradient 
waveform (𝐠(𝑡)), the phase (𝜙) can be expressed as  
where 𝐫(𝑡) is the position at time 𝑡 and 𝛾 is the gy-
romagnetic ratio (Price, 1997, Stejskal and Tanner, 
 
1 Waveforms and figures are created/stored in MATLAB (The MathWorks, Natick, MA) format, and can be downloaded 
from https://github.com/filip-szczepankiewicz/Szczepankiewicz_JNeuMeth_2020. 
2 Note that the use of ‘rank’ and ‘order’ is discrepant across literature. Here we use rank to mean the number of dimen-
sions spanned by the column vectors, whereas order is the number of indices necessary to address the elements. For 
example, b-tensors are of order 2 and have a rank between 0 and 3. 
1965). The signal from any given ensemble of spin 
is simply the average of all spin vectors, which can 
be written as 
where 〈⋅〉 denotes averaging over the spin ensemble. 
From Eq. 2 we see that the signal is attenuated as the 
phase distribution becomes more incoherent, a pro-
cess that is expedited by faster incoherent motion or 
stronger gradients. We emphasize that phase coher-
ency can be lost due to mechanisms other than dif-
fusion, indeed, any incoherent motion will do so (Le 
Bihan et al., 1986, Ahn et al., 1987), whereas bulk 
motion shifts the global phase of the ensemble with-
out reducing the signal magnitude (Stejskal, 1965, 
Moran, 1982). For approximately Gaussian diffu-
sion, Eq. 2 can be approximated by the cumulant ex-
pansion (Grebenkov, 2007, Kiselev, 2011), such that 
the magnitude of the diffusion weighted signal will 
depend on the variance (〈𝜙2〉) of the phase distribu-
tion 
where B is the diffusion encoding tensor (b-tensor 
or b-matrix) (Westin et al., 2014), ‘:’ is the double 
inner product, and D is the diffusion tensor (Stejskal, 
1965). It is worth noting, that diffusion encoding 
along a single direction (e.g. SDE) can be written in 
terms of a one-dimensional gradient waveform with 
encoding strength (b) and direction n (3×1 unit vec-
tor), such that 𝐁 = 𝑏𝐧𝐧T is a tensor of rank2 1. How-
ever, the use of diffusion encoding along multiple 
𝜙 = 𝛾 ∫ 𝐫T(𝑡)𝐠(𝑡)d𝑡
𝜏
0
, Eq. 1 
𝑆 = 〈exp(−𝑖𝜙)〉, Eq. 2 
𝑆 ≈ exp (−
〈𝜙2〉
2
) = exp(−𝐁: 𝐃), Eq. 3 
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directions per shot does not conform to this descrip-
tion, prompting the b-tensor formalism which al-
lows b-tensors of rank up to 3 (Westin et al., 2014), 
i.e., ‘tensor-valued’ diffusion encoding. The b-ten-
sor is calculated from the effective gradient wave-
form3, specified as a gradient trajectory defined on 
three orthogonal axes, such that 
The b-tensor, or b-matrix (Mattiello et al., 1997), is 
then the time integral over the outer product of the 
dephasing vector, such that (Westin et al., 2014, 
Westin et al., 2016) 
where 
For convenience, we may define rotation invariant 
metrics by which we describe the b-tensor. The con-
ventional b-value, i.e., strength of the encoding, is 
its trace 
whereas the rotation (or direction) of 𝐁 is captured 
by its eigenvectors, and its complete shape is de-
fined by its eigenvalues (𝜆𝑖). To describe the shape 
of axisymmetric b-tensors4 we may use the b-tensor 
anisotropy (𝑏Δ), defined by (Eriksson et al., 2015) 
 
3 The effective gradient waveform is taken to include the effects of the refocusing pulse. Two codirectional monopolar 
pulses separated by a refocusing pulse will therefore exert phase changes in opposite directions.  
4 Axisymmetric b-tensors have at most two unique eigenvalues (𝜆∥ and 𝜆⊥), such that one of the values is repeated twice 
(𝜆⊥). The axis of symmetry is along the unique eigenvalue (𝜆∥) which is the smallest/largest for oblate/prolate tensors, 
respectively. Spherical b-tensors have three identical eigenvalues and lack a well-defined direction and symmetry axis. 
where 𝜆∥ and 𝜆⊥ are the axial and radial eigenvalues. 
𝑏Δ is in the interval [–0.5 0) for oblate and (0 1] for 
prolate b-tensors, whereas 𝑏Δ = 0 for spherical b-
tensors. Naturally, these metrics are analogous to ro-
tation invariant metrics derived from the diffusion 
tensor (Kingsley, 2006, Basser et al., 1994, Westin 
et al., 2002). 
In Figure 2, we demonstrate the effect of the b-ten-
sor shape in more practical terms. We simulate sig-
nal from multiple distributions of diffusion tensor 
distributions (𝑃(𝐃)) using three b-tensor shapes. 
The signal in each case is the Laplace transform of 
the distribution of diffusion tensors 
where the integration is over the space of symmetric 
positive-definite tensors (Jian et al., 2007, Westin et 
al., 2016). Figure 2 also shows signal behavior in 
different parts of the brain parenchyma of a healthy 
volunteer. The distinctive hallmarks of microscopic 
anisotropy and isotropic heterogeneity are described 
in the caption. Naturally, it is the goal of signal and 
biophysical representations to recover information 
on the microstructure from the observed signal, 
however, this aspect is not within the scope of this 
review but has been covered elsewhere (Jelescu and 
Budde, 2017, Fillard et al., 2011, Alexander, 2009, 
Novikov et al., 2019, Novikov et al., 2018a, Norhoj 
Jespersen, 2018, Nilsson et al., 2018a, Assaf et al., 
2019).  
𝐠(𝑡) = [𝑔x(𝑡) 𝑔y(𝑡) 𝑔z(𝑡)]T. Eq. 4 
𝐁 = ∫ 𝐪(𝑡)𝐪(𝑡)Td𝑡
𝜏
0
. Eq. 5 
𝐪(𝑡) = γ ∫ 𝐠(𝑡′)d𝑡′
𝑡
0
. Eq. 6 
𝑏 = Tr(𝐁), Eq. 7 
𝑏Δ = (𝜆∥ − 𝜆⊥) 𝑏⁄ , Eq. 8 
S(𝐁) = S0 ∫ 𝑃(𝐃) exp(−𝐁: 𝐃) d𝐃
= 〈exp(−𝐁: 𝐃)〉, 
Eq. 9 
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Figure 2 – The shape of the b-tensor influences the effect of diffusion anisotropy on the signal. The in silico 
examples show three diffusion tensor distributions, 𝑃(𝐃), with corresponding distributions of apparent diffu-
sion coefficients, 𝑃(𝐷) = 𝑃((𝐁/𝑏): 𝐃). From top to bottom they are randomly oriented anisotropic tensors; 
mixture of fast and slow isotropic tensors; and mixture of anisotropic and isotropic diffusion tensors. The 
second column shows the effective distribution of apparent diffusion coefficients observed when using linear 
(LTE, solid black lines), planar (PTE, red lines) and spherical b-tensors (STE, broken black lines). The differ-
ent distributions of diffusion coefficients manifest as different signal vs b-value curves (Eq. 9). For sufficiently 
large b-values, the signal is non-monoexponential in the presence of multiple diffusivities. Although this con-
dition can be caused by markedly different tissue features, the origins of the effect are indistinguishable if we 
can only make use of conventional diffusion encoding (Mitra, 1995). However, we may complement the meas-
urement with b-tensors that have multiple shapes and isolate the contribution from microscopic anisotropy. 
This is the central motivation for using tensor-valued diffusion encoding. From a phenomenological perspec-
tive, the hallmark of ‘microscopic diffusion anisotropy’ is diverging signal between STE and all other b-tensor 
shapes, and the hallmark of ‘heterogeneous isotropic diffusion’ is non-monoexponential STE signal. The in 
vivo examples show similar signal behavior in three regions of healthy brain parenchyma, and it is the purpose 
of models and representations to infer the microstructure from the signal (Novikov et al., 2018a). The in vivo 
data is available in open source online (Szczepankiewicz et al., 2019a). 
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2.2. Basic gradient waveform design criteria 
A natural objective in the design of gradient wave-
forms for tensor-valued diffusion encoding is to 
minimize the encoding time that is required to 
achieve a given b-value and shape of the b-tensor 
while maintaining conditions necessary for imaging. 
Minimizing encoding times serves to reduce the 
echo time to a minimum, which allows the maxi-
mum possible signal-to-noise ratio and number of 
acquisitions per unit time. The imaging conditions 
are simply that the  
diffusion encoding gradients do not overlap with im-
aging gradients, e.g., 𝐠(𝑡) = 0 during refocusing, 
and that the residual dephasing vector is zero at the 
end of the encoding, which serves to satisfy the spin-
echo condition (𝐪(𝜏) = 0, see section 5.1) 
(Grebenkov, 2007). Finally, B must fulfil criteria 
based on the model or representation that is intended 
for analysis. For example, the distribution of b-val-
ues, and the rotation and shape of each b-tensor, will 
have an impact on the accuracy and precision of the 
outcome (Chuhutin et al., 2017, Reymbaut et al., 
2020, Coelho et al., 2019, Jones and Basser, 2004, 
Poot et al., 2009, Bates et al., 2020, Lampinen et al., 
2020).  
Since the b-value increases with gradient amplitude 
and encoding time (Eq. 10), we achieve the maximal 
b-value for any given encoding time by constantly 
engaging the gradients at their maximal strength 
during the available encoding time, using the maxi-
mal slew rate whenever gradients are switched. For 
linear encoding this means engaging the gradients at 
maximal strength along a given direction, and re-
versing the polarity half-way through the experi-
ment, with adjustments made to retain the balance 
due to finite slew rate (Sjölund et al., 2015, Aliotta 
et al., 2017, Hutter et al., 2018c). However, the op-
timal configuration of gradient pulses that achieves 
a b-tensor of rank above 1 is less straightforward. 
Arguably the simplest solution is to apply three pairs 
of monopolar pulses (Mori and van Zijl, 1995) and 
scaling the amplitude of each pair to yield arbitrary 
b-tensor shapes. Although this approach is both sim-
ple and robust, it is highly inefficient. Instead, wave-
forms can be optimized numerically to maximize ef-
ficiency (Wong et al., 1995, Hargreaves et al., 
2004). An optimization framework for tensor-val-
ued diffusion encoding that supports arbitrary se-
quence timing and b-tensor shape was presented by 
Sjölund et al. (2015). However, as will be discussed 
in the coming sections, the design must also account 
for additional constraints, considering the tradeoffs 
incurred by limitations in hardware and physiology, 
effects not captured by the b-tensor, and imaging ar-
tifacts. 
2.3. Diffusion encoding efficiency 
In anticipation of a wide range of waveform candi-
dates, we may quantify their encoding efficiency (𝜅) 
according to (Sjölund et al., 2015, Wong et al., 
1995) 
where |𝐠| is the maximal gradient amplitude per 
axis. The metric is scaled such that a rectangular 
waveform that constantly engages all axes, with zero 
ramp time, will give 𝜅 = 100%. 
In Figure 3, we show the encoding efficiency of a 
wide range of waveform designs from literature, un-
der the assumptions used in Figure 1 but allowing 
for a wide range of encoding times. Generally, the 
encoding efficiency is reduced as the anisotropy of 
the encoding is reduced, i.e., spherical encoding is 
𝜅 =
4𝑏
γ2|𝐠|2𝜏3
, Eq. 10 
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less efficient than planar, and planar less than linear, 
given the same basic constraints. Any additional 
constraints will necessarily reduce encoding effi-
ciency, highlighting the need for careful considera-
tion of the tradeoff between efficiency (rapid acqui-
sition and short echo-time) versus the influence of 
hardware, physiology, confounders, and artifacts. 
2.4. Scaling gradient waveforms to yield arbi-
trary b-tensor shapes 
Any gradient waveform that produces a b-tensor of 
sufficiently high rank can be rescaled to yield an ar-
bitrary b-tensor shape with equal, or lower, rank. 
This fact is useful when a base-waveform is used to 
generate variants with different shapes (Westin et 
al., 2014) or when the timing of the sequence 
changes in such a way that the shape of the resulting 
b-tensor diverges from its intended value. In such 
cases, a simple adjustment of the waveform can be 
made to achieve any set of b-tensor eigenvalues. 
This is done by rotating the gradient waveform to 
the principal axis of the original b-tensor and scaling 
it by the ratio of desired and initial b-tensor eigen-
values (𝐅𝑖𝑖 = 𝜆𝑖
′/𝜆𝑖, 3×3 diagonal matrix), accord-
ing to 
where 𝐑 is the rotation matrix that brings the initial 
b-tensor into the principal axis system, 𝐁PAS =
𝐑T𝐁 𝐑. For example, any waveform from spherical 
encoding can have one axis set to zero, and thereby 
yield planar b-tensor encoding. A more subtle ad-
justment was made to the waveforms by Wong et al. 
(1995), Mori and van Zijl (1995)-PI*, and Heid and 
Weber (1997) in Figure 1 to enforce 𝑏Δ = 0; exe-
cuted at the full gradient strength on each axis, they 
yield b-tensors with unintended anisotropy. 
 
Figure 3 – Encoding efficiency (𝜅, Eq. 10) as a function of the total encoding time. Generally, linear encoding 
is the most efficient, followed by planar and spherical variants. Waveforms that are constrained by the max-
norm (broken lines) have superior efficiency than those constrained by the L2-norm (solid lines, see section 
3.1). However, we note that max-norm optimization does not allow arbitrarily rotation (Figure 4). Here, we 
allow the max-norm only for spherical encoding since they may not require any rotation. Diagonal gray lines 
intersect the efficiency lies of each design at points where they yield b-values between 0.5 and 8 ms/µm2. Fur-
thermore, ‘Maxwell-compensated’ waveforms (black lines) have slightly lower efficiency compared to wave-
forms that may suffer errors from concomitant gradients (red lines) as described in section 5.2. For example, 
compare numerically optimized waveforms by Sjölund et al. (2015) and Szczepankiewicz et al. (2019d). The 
labels M1 and M2 indicate velocity and acceleration-compensation, respectively (section 4.3). Although the 
optimal gradient waveform design will depend on the intended application, the most versatile design uses the 
L2-norm and is compensated for concomitant gradient effects (solid black lines). 
𝐠′(𝑡) = 𝐑T𝐅 𝐑 𝐠(𝑡), Eq. 11 
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3. Limitations imposed by hardware 
and physiology 
The most foundational limitations in gradient wave-
form design are those imposed by MRI hardware 
and human physiology. They are foundational in the 
sense that they must be obeyed, making the tradeoff 
between limitation and performance a search for the 
maximal performance under the binary condition 
that it is executable. The principles outlined herein 
include limits related to the maximal gradient ampli-
tude and slew rate, energy consumption and heating, 
mechanical vibrations, acoustic noise, as well as pe-
ripheral nerve stimulation. 
3.1. Maximal gradient amplitude and slew rate 
The maximal gradient and maximal slew rate are de-
termined by hardware components of the MRI sys-
tem, related mainly to the gradient amplifier system 
and gradient coils. The magnetic field gradient (𝑔) 
induced in a conductive coil is proportional to the 
current (I) in the coil, according to 
where 𝜂 is the coil efficiency (or sensitivity), defined 
as the field gradient strength at the origin per unit 
current (Hidalgo-Tobon, 2010). Here, we may as-
sume that the coils create gradients in three orthog-
onal directions so that their combined effect spans 
three-dimensional space. From Eq. 12 we seen that 
the maximal gradient amplitude—at least in the 
short term—will be limited by the maximal current 
that can be delivered by the gradient amplifier. Sim-
ilarly, the slew rate (𝑠 = d𝑔 d𝑡⁄ ) is determined by 
the electric potential (U), approximated by 
where L is the inductance of the circuit. 
The sensitivity and inductance of modern gradient 
coils are determined by a wide range of features that 
are the primary concern for gradient system design, 
e.g., the winding density, gradient linearity, Lorentz 
force compensation, shielding and geometry of the 
coils (Turner, 1993, Blasche, 2017, Hidalgo-Tobon, 
2010). Most notably, inductance is proportional to 
the square of the winding density (𝐿 ∝ 𝜌2), whereas 
the sensitivity is proportional to winding density 
(𝜂 ∝ 𝜌), meaning that there is always a tradeoff be-
tween maximal gradient amplitude and maximal 
slew rate; determined by the winding density 
(𝑔max ∝ 𝜌 and 𝑠max ∝ 𝜌
−1). Another major factor 
of the gradient performance is the size of the coil. 
The overall efficiency of the system is inversely pro-
portional to the radius of the coil to the fifth power 
(𝜂2 𝐿⁄ ∝ 𝑟−5) (Turner, 1993). This relationship ex-
plains why smaller insert coils are preferable for ul-
tra-high-performance applications whereas wide-
bore systems are suited for lower gradient perfor-
mance applications, although whole-body systems 
with ultra-high gradients exist (Setsompop et al., 
2013) and are instrumental for exploring the limits 
of diffusion MRI (Jones et al., 2018). 
Finally, we emphasize that maximal b-values are 
achieved by using the power of all gradient axes 
simultaneously. This is equivalent to diffusion en-
coding along a vector that has a length above unity. 
For example, engaging all three gradient axes to en-
code along x, y and z simultaneously yields a b-
value that is three times higher than using a single 
axis, since 𝑏 ∝ |𝐠|2 (Eq. 10) where |𝐠| increases by 
a factor of √3 = |[1 1 1]|. For tensor-valued diffu-
sion encoding, this feature can be used to promote 
maximal encoding efficiency by using the ‘max-
𝑔(𝑡) = 𝜂 ⋅ 𝐼(𝑡) → 𝑔max = 𝜂 ⋅ 𝐼max Eq. 12 
𝑠(𝑡) ≈
𝜂
𝐿
⋅ 𝑈(𝑡) → 𝑠max ≈
𝜂
𝐿
⋅ 𝑈max Eq. 13 
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norm’ constraint (𝑔x,y,𝑧
2 ≤ 𝑔max 
2 ) or to promote ar-
bitrary rotations by using the ‘L2-norm’ (𝑔x
2 + 𝑔y
2 +
𝑔z
2 ≤ 𝑔max
2 ), respectively (Sjölund et al., 2015). Fig-
ure 4 visualizes how rotations of waveforms con-
strained to a sphere (L2-norm) and cube (max-norm) 
affect the amplitude requested from each gradient 
axis under rotations. The norm is also stated in these 
terms in Figure 1 in the rightmost column. 
3.2. Energy consumption and heating 
Magnetic field gradients are created by inducing a 
current in a conductive coil, but electrical resistance 
causes this process deposits energy in the coil mate-
rial by resistive heating (Ohmic heating). Assuming 
a finite tolerance for how much the gradient system 
can be heated, resistive heating provides another rel-
evant limitation on gradient waveform design. In a 
purely resistive circuit with static current, the total 
electric power (P) is 
where R is the electrical resistance. Part of the power 
will be deposited in the coil and thermally coupled 
materials, increasing their temperature. The energy 
(𝐸) deposited in the materials is the power integrated 
over time, which is proportional to the integral of the 
gradient squared (Eq. 12) 
This expression shows that doubling the gradient 
amplitude will increase the energy deposition by a 
factor of four and that increasing the encoding time 
scales the energy linearly. In more practical terms, 
we may relate the energy deposition for a given 
waveform to the b-value, such that 
 
Figure 4 – Waveforms optimized within a L2-norm (Euclidean) and max-norm allow for different rotations. 
The gradient waveform on the left is enclosed in a sphere and can be freely rotated without violating the 
maximal gradient amplitude limitations. By contrast, the waveform on the right explores the corners of a cube 
and will therefore protrude through its surface when rotated. Naturally, the max-norm still allows for rotations 
in steps of 90° around the x, y and z-axes, as well as axis permutations. In cases where the b-tensor does not 
have to be rotated, e.g., when we may assume that spherical b-tensor encoding is rotation invariant, the max-
norm may provide a significant performance boost compared to the L2-norm. In this example, waveforms were 
numerically optimized (Sjölund et al., 2015, Szczepankiewicz et al., 2019d) to the conditions described in 
Figure 1, and yield b = 2 ms/µm2 in 73 ms and 56 ms, respectively. Naturally, any waveform that exceeds the 
capacity of the gradient amplitude or slew rate may be scaled down, or de-rated, to be within specifications, 
although this is at a cost to performance (Eq. 10). 
𝑃 = 𝑅 ⋅ 𝐼2 Eq. 14 
𝐸 ∝ ∫ 𝑔(𝑡)2d𝑡
𝜏
0
. Eq. 15 
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where 𝑡tot is the total duration of the gradient wave-
form. Keeping in mind that gradient coil design var-
ies between the axes (Hidalgo-Tobon, 2010) and 
therefore have different electronical properties, we 
note that the deposited energy may depend on the 
rotation of the gradient waveform. For a given b-
value, the deposited energy can be reduced by ex-
tending the duration of the diffusion encoding. Alt-
hough this comes at a cost to the minimal echo time, 
this relationship can be utilized to reduce the per-
shot energy requirement as well as the long-term 
heating limitations of the system. Here, we take the 
‘long-term’ to mean the time scale of the entire 
dMRI experiment. 
The tradeoff between encoding efficiency and en-
ergy consumption (Eq. 16) can be incorporated in 
the design of gradient waveforms; either by limiting 
the maximal gradient amplitude throughout the 
whole waveform, or as an additional restriction in 
numerical optimization (Sjölund et al., 2015). We 
note that a lower per-shot energy consumption 
yields longer echo times, but may facilitate shorter 
repetition times due to shorter cool down periods, 
thereby improving signal precision per unit time 
(Sjölund et al., 2015). 
The limitation of long-term heating can also be man-
aged by modifying the order of encoding. Diffusion 
encoding frequently employs multiple b-values, b-
tensor shapes, and rotations, meaning that coils are 
engaged to various degree as the sampling scheme 
is executed. Since the order of the encodings can be 
arbitrarily rearranged without affecting the subse-
quent data analysis, we may optimize the sampling 
 
5Note that the main magnetic field vector, B0, is denoted with a subscript zero to distinguish it from the b-tensor. 
order to minimize the peak thermal load. In multi-
slice experiments with demanding waveforms, the 
gradient waveform may even be shuffled on a per-
slice level, meaning that consecutive slices are ac-
quired with different b-tensors. This approach was 
demonstrated to improve the long-term duty cycle 
limitations for tensor-valued diffusion encoding 
(Hutter et al., 2018a). Permuting the order of b-ten-
sors also reduces the effects of temperature depend-
ent signal bias caused by system drift (Vos et al., 
2017). The total power consumption is also effec-
tively reduced by using multiband imaging methods 
(Larkman et al., 2001, Breuer et al., 2005), since a 
single diffusion encoding waveform is used to en-
code multiple slices, reducing the deposited energy 
by the acceleration factor. The rightmost column of 
Figure 1 shows the relative energy consumed (nor-
malized to the first waveform) for each waveform 
design. Figure 5 shows the impact of sampling order 
on the thermal load on a hypothetical MRI system. 
3.3. Mechanical vibrations and acoustic noise 
When currents are passed through the gradient coils 
to produce field gradients, they interact with the 
magnetic field and the conductor experiences Lo-
rentz forces. For a straight conductor in a uniform 
magnetic field the force per unit length is  
where both the magnetic field5 and current are 
treated as vectors (Mansfield et al., 1994). Eq. 17 
shows that the force will be proportional to the am-
plitude of the current and magnetic field strength. 
Using Eq. 12 we can loosely connect the force to a 
given gradient waveform as 𝐹 ∝ |𝐁0|𝑔(𝑡)  
𝐸 ∝ 𝑏/𝑡tot
2  Eq. 16 
𝐅 = −𝐁0 × 𝐈 Eq. 17 
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(Heismann et al., 2015). However, a more relevant 
aspect of the problem is that vibrations are amplified 
at specific resonance frequencies of the structure it-
self (Smink et al., 2007), and the proportionality no 
longer captures the essence of the problem. Instead, 
the effect, or system response, at a given frequency 
can be estimated by investigating the overlap be-
tween the frequency response function (𝐻(𝑓, 𝐯)) 
and the Fourier transform of the gradient waveform, 
𝑔(𝑓) = ℱ (𝐯T𝐠(𝑡)), according to (Hedeen and 
Edelstein, 1997)  
evaluated in a given direction v (3×1, unit vector). 
Since the gradient amplitude and current are often 
maximized in dMRI, we expect it to exert large 
forces on the MRI hardware that can cause structural 
stress and failure. Vibrations also propagate to the 
surrounding materials causing incoherent motion in 
the object (Weidlich et al., 2020), and into the air 
where they manifest as acoustic noise. Given the 
right frequency and sound pressure, acoustic noise 
experienced by the subject can be in excess of 110 
dBA (McJury and Shellock, 2000), which can be un-
comfortable or even damaging (Rosch et al., 2016).  
In addition to passive hearing protection and active 
noise control (McJury and Shellock, 2000), the 
source of the mechanical stress and acoustic noise 
can be partially mitigated in hardware design by 
considering gradient coil winding and material char-
acteristics such that the effect of Lorentz forces is 
minimized (Mansfield et al., 1998, Mansfield et al., 
1995, Ireland et al., 2015). However, since the fre-
quency response function can be estimated by broad 
band excitation of the MRI hardware (Hedeen and 
Edelstein, 1997), gradient waveforms can be de-
signed to limit the power at resonance frequencies 
(Smink et al., 2007, Heismann et al., 2015) and 
thereby avoid amplification. This principle is used 
to deliver so-called ‘quiet MRI’ (McJury and 
Shellock, 2000). For example, the quiet dMRI se-
 
Figure 5 – The order of diffusion encoding determines the peak thermal load on the system. The sorted method 
uses four b-values executed in order, from low to high. The interleaved sampling acquires the same b-values, 
but each consecutive encoding uses a different b-value. Random sampling acquires an image with a random 
diffusion weighting in the same interval as the previous methods. The figure shows that the peak thermal load 
is the largest when samples are acquired in order, i.e., executing the highest b-value many times in a row tends 
to heat the system in an unfavorable way compared to a random or interleaved scheme (Hutter et al., 2018a). 
Note that this example is based on a hypothetical imaging setup using 60 slices, 4 b-values, 10 rotations per b-
value at a system with a cooling time coefficient of 25 s. 
𝐴(𝑓) =  𝑔(𝑓) ⋅ 𝐻(𝑓, 𝐯) Eq. 18 
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quence proposed by Ott et al. (2015) reduces the am-
plitude of imaging gradients, and more importantly 
it reduces maximal slew rate (increased rise time) of 
diffusion encoding gradients and readout gradients. 
Although the gradient slew rate itself is not the cause 
of stronger forces, its maximum value puts an im-
plicit limit on the frequency content that is possible 
for any given oscillating gradient waveform. In a 
clinical setting where acoustic noise must be 
avoided, such sequences can reduce sound pressure 
by 70% with negligible impact on diagnostic quality 
(Rosch et al., 2016). Similar modifications were also 
 
6 https://github.com/filip-szczepankiewicz/safe_pns_prediction 
demonstrated together with multiband acceleration 
for more rapid acquisition (Hutter et al., 2018b). 
3.4. Peripheral nerve stimulation 
Rapid switching of field gradients may induce cur-
rents in the subject. These currents can cause stimu-
lation of nerves, which are often perceived as un-
comfortable and can be harmful, especially when 
considering stimulation of the cardiac muscle 
(Reilly, 1989). Therefore, it is arguably the most im-
portant aspect of gradient waveform design since it 
couples strongly to patient safety. 
 
Figure 6 – Levels of peripheral nerve stimulation (PNS) vary over time and are induced by rapid and sustained 
switching of the gradients. The plots on the left show two waveform designs that have the highest peak and 
cumulative PNS among the tested waveforms, respectively. From the plot of the slew rate (second row), it is 
clear that high levels of stimulation occur when gradients transition between maximal positive to negative 
gradients. The PNS can be reduced by limiting the maximal slew rate for the whole waveform, or by limiting 
the slew rate in segments where switching is sustained for longer periods of time is short succession. Moreover, 
we note that the PNS response may not be invariant to rotation. For example, the waveform on the left creates 
a larger peak PNS on the y-axis (gray) compared to the z-axis (red), even if the bipolar pairs are otherwise 
identical. We also note that the actual PNS levels depend on the scanner system and object, and that these 
values are calculated only to visualize the PNS response function, the wide range of possible values and the 
rotation variance. Values were estimated by an in-house implementation6 of the SAFE model (Hebrank and 
Gebhardt, 2000) assuming a representative MRI system. 
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According to Faraday’s law, a change in a magnetic 
field inside conductive materials induces an electri-
cal current; the current is such that it creates an op-
posing field change (see section 5.4). For an arbi-
trary conductive loop in the body enclosing an area 
with normal vector a (3×1), at a distance r from the 
iso-center, the induced electromotive potential is 
proportional to the time derivative of the field gradi-
ent vector, and therefore related to the slew rate of 
the field gradient (Ham et al., 1997), such that 
The effect increases with area and distance from the 
iso-center and is therefore prominent in the periph-
eral regions of the body, hence peripheral nerve 
stimulation (PNS). Eq. 19 also shows that PNS in-
creases with the size of the volume within which the 
gradients are linear, meaning that systems with re-
duced linearity (sublinear gradients) are preferable 
with respect to PNS limits (Hidalgo-Tobon, 2010).  
The translation from electric potential to the effect 
or sensation of PNS is not straightforward due to the 
complex human anatomy and impact of coil geome-
try (Davids et al., 2019), but Eq. 19 indicates that it 
is determined mainly by the slew rate of the gradient 
waveform which can be controlled during gradient 
waveform design (Schulte and Noeske, 2015). It is 
also intuitive that the effect should become worse if 
the exposure to high slew rates is sustained for a 
longer time, however, an accurate prediction may be 
challenging to obtain and may depend on subtle de-
tails in the waveform and subject physiology 
(Mansfield and Harvey, 1993, Ham et al., 1997, Tan 
et al., 2020). Since tensor-valued diffusion encoding 
uses non-conventional gradient waveform designs, 
it is difficult to predict the PNS from experience or 
simple descriptors, i.e., a restriction on the maximal 
slew rate may not suffice (Reilly, 1989). Instead, pe-
ripheral nerve stimulation can be monitored and pre-
dicted by PNS models calibrated by heuristic meas-
urements. For example, Hebrank and Gebhardt 
(2000) proposed the SAFE-model, where PNS can 
be predicted for an arbitrary gradient waveform by 
tuning response and decay parameters in terms of re-
sistive-capacitive circuits. 
As with mechanical vibrations and acoustic noise, 
when using rapid readout techniques, PNS can be 
caused by both the diffusion encoding waveform 
and the readout gradient waveform. In Figure 6, we 
use the SAFE model (Hebrank and Gebhardt, 2000), 
to estimate the PNS profile of several diffusion en-
coding waveforms; comparing them with respect to 
peak and cumulative PNS assuming a hypothetical 
MRI system. 
4. Sensitivity to features beyond Gauss-
ian diffusion 
By describing the experiment with the b-tensor 
alone, we implicitly state that we are interested in 
capturing the behavior of multi-Gaussian diffusion. 
However, depending on the structure and physiol-
ogy of the investigated tissue, the diffusion encoding 
may sensitize the signal to features that go beyond 
the b-tensor description. If the impact of such fea-
tures is not negligible, they may either be harnessed 
to describe more intricate tissue details, or act as 
confounders. This distinction motivates the current 
naming convention, where ‘spherical b-tensor en-
coding’ is preferred over ‘isotropic diffusion encod-
ing,’ precisely because the b-tensor is designed to be 
spherical whereas other effects related to diffusion 
𝑈 ∝ 𝑟 𝐚T
d𝐠
d𝑡
. Eq. 19 
Gradient waveform design for tensor-valued encoding in diffusion MRI Submitted to the Journal of Neuroscience Methods 
16 
 
may be anisotropic7. In this section, we highlight 
three features that are not captured by the b-tensor 
formalism, but may still inform the gradient wave-
form design, namely restricted diffusion, exchange, 
and incoherent motion. 
4.1. Time-dependent diffusion due to restriction 
To create an interesting contrast in dMRI, we count 
on the diffusion to be hindered or restricted by ob-
stacles in tissue. Depending on the time scale of the 
diffusion measurement, we may therefore observe 
time-dependent deviations from Gaussian distribu-
tions of translations resulting in a time-dependent 
apparent diffusivity (Stepisnik, 1993). This can be 
understood by considering water diffusing in a re-
stricted volume; a short measurement time does not 
allow the water to probe its surrounding and yields 
an apparent diffusivity close to that of free diffusion 
(Mitra et al., 1993), whereas a long time allows the 
water to sense the entire restriction and the apparent 
diffusivity approaches zero, or a finite value related 
to the geometric configuration of obstacles 
(Novikov et al., 2014). In the extreme cases, the dif-
fusion process is well described by Gaussian diffu-
sion, however, in the intermediate regime, there is 
an interplay between the size of the restriction and 
the diffusion time. This interplay provides a rich 
contrast that can be studied with specialized wave-
form designs to probe size and shape of restrictions 
in tissue (Callaghan and Komlosh, 2002, Portnoy et 
al., 2013, Aggarwal et al., 2012, Colvin et al., 2008, 
Does et al., 2003, Reynaud et al., 2016, Gore et al., 
2010, Lemberskiy et al., 2017, Özarslan and Basser, 
 
7 This is congruent with ‘weighting by the trace of the diffusion tensor’ as used by Mori and van Zijl (1995) and Heid 
and Weber (1997). 
2008, Laun and Kuder, 2013, Reynaud, 2017, Sen, 
2004, Mitra et al., 1993, Stepisnik, 1993). 
In conventional dMRI, a single waveform is used for 
diffusion encoding, changing only its amplitude and 
direction. Although this measurement is also con-
founded by diffusion time effects when comparing 
across studies with different sequence setups, within 
the same study the effect is the same for all meas-
urements. This provides a consistent ‘snapshot’ of 
the diffusion process and is widely accepted as a 
necessary compromise to yield simple experiments. 
Due to the intricacy of gradient waveforms used for 
tensor-valued diffusion encoding, the impact of dif-
fusion time effects may be more involved (Lundell 
et al., 2019, Ning et al., 2016, Stepisnik, 1993). We 
distinguish two factors that may inform gradient 
waveform design (de Swiet and Mitra, 1996, 
Jespersen et al., 2019), namely different diffusion 
time effects across b-tensors, and across rotations of 
a single b-tensor, as discussed below. 
Waveforms used to yield b-tensors with different 
shapes may exhibit different diffusion time charac-
teristics. For example, linear encoding by SDE gen-
erally exhibits a longer diffusion time compared to 
waveforms that yield spherical b-tensor encoding 
which tend to comprise oscillating patterns. Alt-
hough the impact of such effects on the estimated 
diffusion parameters is still being explored across 
waveform designs and tissues (Jespersen et al., 
2019, Szczepankiewicz et al., 2019b, Nilsson et al., 
2016, Clark et al., 2001, Lundell et al., 2019, Nilsson 
et al., 2009), a potential solution is to create gradient 
waveforms with ‘matched’ or ‘tuned’ diffusion  
Gradient waveform design for tensor-valued encoding in diffusion MRI Submitted to the Journal of Neuroscience Methods 
17 
 
 
Figure 7 – Gradient waveforms encode for features that are beyond Gaussian diffusion and the b-tensor, and 
most waveforms exhibit features that are not invariant to rotation. The first two columns visualize the effect 
of restricted diffusion within a one-dimensional stick with length l. The first column shows the apparent dif-
fusion coefficients as a function of stick length and rotation; the inset glyph shows the diffusivity along mul-
tiple directions when l = 20 µm. The second column shows the waveforms and encoding power spectra asso-
ciated with the highest (red) and lowest (black) apparent diffusivity and encoding frequency. The trend is that 
faster gradient oscillations have more power at higher frequency, equivalent to shorter diffusion times, and 
therefore detect a higher apparent diffusivity (Stepisnik, 1993). The third column shows a similar analysis of 
the exchange weighting time (𝛤 in Eq. 22) (Ning et al., 2018). The glyphs show the exchange weighting along 
multiple direction and the waveforms are those that create the longest (red) and shortest (black) exchange 
times. In the final column, we visualize the vector-valued velocity encoding (𝐦1 in Eq. 23) (Nalcioglu et al., 
1986). Again, the sub-selected waveforms show maximal (red) and minimal (black) velocity encoding, where 
the latter is always orthogonal to the first and velocity-compensated. 
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times, such that the ‘snapshot’ condition is achieved 
for all variants of the b-tensor (Lundell et al., 2020b) 
or to incorporate effects of a varied diffusion time in 
a more comprehensive quantification (Drobnjak and 
Alexander, 2011, Nilsson et al., 2020). Diffusion 
time characteristics of arbitrary gradient waveforms  
can be analyzed in terms of the diffusion encoding 
power spectrum. For simplicity, we use a one-di-
mensional representation by describing the effect  
along a single direction (v, 3×1 unit vector) at a time, 
such that 𝑞(𝑓) = ℱ (𝛾 ∫ 𝑔(𝑡)d𝑡′
𝑡
0
) is the Fourier 
transform of the dephasing vector (Eq. 6) and 
𝑔(𝑡) = 𝐯T𝐠(𝑡). The diffusion weighted signal can 
be approximated by the product between the encod-
ing spectrum (|𝑞(𝑓)|2) and the diffusion spectrum 
(𝐷(𝑓)) which is the Fourier transform of the veloc-
ity autocorrelation of diffusion particles (Stepisnik, 
1993), according to 
Two waveforms are matched with respect to diffu-
sion time characteristics if their encoding spectra are 
similar. For sufficiently small structures, we may 
capture all relevant aspects of the diffusion time 
characteristics with the variance of the encoding 
power spectrum, defined as (Nilsson et al., 2017) 
provided that their size is below a threshold, loosely 
defined as √𝐷0 𝑓0⁄ , where 𝐷0 is the bulk diffusivity, 
and 𝑓0 is the highest frequency at which the encod-
ing spectrum has relevant encoding power. Prelimi-
nary efforts have also extend this analysis beyond a 
one-dimensional gradient waveform (Lundell et al., 
2018). A related characteristic is that the diffusion 
time along a given direction varies under rotation of 
the gradient waveform, i.e., a waveform for spheri-
cal b-tensor encoding may yield invariant encoding 
of Gaussian diffusion, but rotationally variant en-
coding of restricted diffusion (de Swiet and Mitra, 
1996). 
To make these effects tangible, we visualize the im-
pact of diffusion time on the apparent diffusivity in 
Figure 7. The apparent diffusion coefficient in a 
one-dimensional stick of finite length (Stepisnik, 
1993) is calculated for a comprehensive set of stick 
directions. This geometry was chosen to maximize 
the effect of diffusion time effects to depict a ‘worst 
case’ scenario. The figure highlights that different 
waveform designs yield different levels of rotation 
variance (within waveform) and that there exist 
length scales where diffusion time effects are negli-
gible (Nilsson et al., 2017, Grebenkov, 2007). How-
ever, the effects cannot be discounted offhand, as 
there are also biologically relevant length scales 
where these effects can manifest in the observed sig-
nal. The figure also highlights differences between 
waveforms in the sense that they produce different 
average diffusivities for equal sizes of the sticks in 
the range where diffusion-time dependence is mani-
fested. 
4.2. Time-dependent diffusion due to exchange 
During a single preparation of the signal, water mol-
ecules may traverse across permeable boundaries 
and thereby undergo compartment exchange. By 
this process, water may visit environments associ-
ated with a different apparent diffusivity (Kärger, 
1985). For example, consider exchange over the cell 
membranes that separate the intra and extra-cellular 
space. The sensitivity of the diffusion weighting to 
this process depends on the shape of the gradient 
𝑆 ≈ exp (− ∫ 𝐷(𝑓) ⋅ |𝑞(𝑓)|2 d𝑓
∞
−∞
). Eq. 20 
𝑏𝑉𝜔 = 𝛾
2 ∫ 𝑔2(𝑡) d𝑡
𝜏
0
, Eq. 21 
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waveform. Methods such as filter exchange imaging 
employ pairs of bipolar pulses separated by a wait-
ing time to encode the exchange rate in order to 
probe the permeability of compartment boundaries 
in biological tissue (Eriksson et al., 2017, Benjamini 
et al., 2017, Lampinen et al., 2016, Lätt et al., 2009, 
Lasič et al., 2011). 
Analogous to diffusion time effects caused by re-
striction, the exchange weighting associated with 
waveforms used for tensor-valued diffusion encod-
ing is rotation variant and differs across waveform 
designs. Ning et al. (2018) proposed a definition for 
the exchange weighting time (𝛤) for arbitrary gradi-
ent waveforms, according to  
where 𝑞4(𝑡) = ∫ 𝑞
2(𝑡′)𝑞2(𝑡′ + 𝑡) d𝑡′
𝜏
0
 and 𝑞(𝑡) is 
the dephasing along a direction vector (v, 3×1 unit 
vector), such that 𝑞(𝑡) = γ ∫ 𝐯T𝐠(𝑡′)d𝑡′
𝑡
0
. We note 
that large values of 𝛤 indicate that the exchange pro-
cess is given a longer time to act, making the exper-
iment more sensitive to exchange. 
We visualize the rotation variance of exchange 
weighting time in Figure 7 by calculating 𝛤 along 
multiple directions v. Although the effect of ex-
change is not translated into observed signal, the fig-
ure illustrates that exchange weighting times wary 
across waveform designs and rotations. 
4.3. Incoherent motion 
In addition to the diffusion process driven by ther-
mal motion, spin dephasing is caused by incoherent 
motion. Most notably, the relatively slow and inco-
herent movement of blood in capillaries has a meas-
urable impact on the diffusion weighted signal at 
low b-values and carries information about the vas-
culature which can be mistaken for fast diffusion, 
also called ‘pseudo diffusion’ (Le Bihan et al., 1986, 
Ahn et al., 1987). Other sources of motion include 
cardiac and pulmonary motion, which may influ-
ence diffusion measurements in brain by arterial 
pulsation (Skare and Andersson, 2001, Habib et al., 
2010) and by gross movement of tissue, for example 
in chest, cardiac and kidney imaging (Haacke and 
Lenz, 1987, Lasič et al., 2019, Nery et al., 2019), or 
from vibrations induced by the diffusion encoding 
itself (Weidlich et al., 2020, Gallichan et al., 2010, 
Hiltunen et al., 2006) (see section 3.3). 
Incoherent motion within a voxel causes dephasing 
related to the motion encoding of the gradient wave-
form (Nalcioglu et al., 1986, Ahn et al., 1987). The 
motion encoding vector of arbitrary order (n) can be 
computed as 
where the 0th moment is always zero to satisfy the 
spin-echo condition (Eq. 25), n = 1 encodes veloc-
ity, n = 2 encodes acceleration, n = 3 encodes jerk, 
and so on. Curiously, velocity encoding can also be 
gleaned from the encoding power spectrum, where 
the power at zero frequency (|𝑞(𝑓 = 0)|2) corre-
sponds to velocity encoding (Ahlgren et al., 2016). 
Unlike diffusion time and exchange, motion encod-
ing is always vector-valued, and therefore exhibits a 
single direction along which it is highest and is zero 
in orthogonal directions. Thus, the only way to make 
motion encoding isotropic is to make it motion com-
pensated (𝐦𝑛 = 0). For symmetric and self-bal-
anced gradient waveforms (𝐪(𝑡) = 0 during the re-
focusing pulse), velocity compensation can be 
simply turned on/off by reversing the direction of  
𝛤 =
2
𝑏2
∫ 𝑞4(𝑡) 𝑡 d𝑡
𝜏
0
 Eq. 22 
𝐦𝑛 = 𝛾 ∫ 𝐠(𝑡) 𝑡
𝑛 d𝑡
𝜏
0
 Eq. 23 
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the encoding waveforms on either side of the refo-
cusing. For example, two pairs of bipolar pulses can 
be configured in parallel or anti-parallel fashion to 
yield encoding that is compensated or non-compen-
sated for velocity (Ahlgren et al., 2016, Ozaki et al., 
2013). Furthermore, we may exploit special wave-
form symmetries (Pipe and Chenevert, 1991) to gain 
 
8 https://github.com/markus-nilsson/md-dmri/tree/master/tools/cfa 
compensation of arbitrary moments, which is appli-
cable to tensor-valued encoding (Lasič et al., 2019). 
Motion compensation can also be achieved by opti-
mizing gradient waveforms while constraining the 
magnitude of the nth moment vector to a threshold 
value (L) that ensures negligible motion encoding 
 
Figure 8 – The desired gradient waveform is always accompanied by concomitant gradients such that the actual 
gradient waveform is the sum of the two. Even if the desired gradient waveform is balanced, the concomitant 
waveform may not be, and their residual moment (𝐪c(𝜏) = ?̃?) causes image artifacts that run the gamut be-
tween imperceptible to severe. The columns, from left to right, show the desired gradient waveforms in differ-
ent rotations (𝐑 𝐠(𝑡)), their effective concomitant gradient waveforms (ℎ(𝑡)𝐠c(𝑡)) and magnitude of the 
dephasing vector trajectory (|𝐪c(𝑡)|) at position r = [7 7 7] cm, glyphs of the residual dephasing vector |?̃?| for 
an exhaustive set of waveform rotations, and signal maps in an oil phantom. The first row shows double dif-
fusion encoding where the gradient pulses are both in the x-y-plane. In this special case, the concomitant 
gradients cancel due to a symmetry in the contribution from the x and y axes (Eq. 26), and the dephasing vector 
at the end of encoding is negligible. By contrast, all other rotations result in a non-zero dephasing vector. For 
the worst rotation (middle row), this may result in a complete loss of signal, as seen 7 cm from the isocenter 
(separate color scale is used to reveal the remaining signal). In this oil phantom, the signal attenuation due to 
diffusion weighting is negligible, therefore, the gross signal attenuation in the middle row is an artifact caused 
by concomitant gradients. Note that this applies to the double diffusion encoding in a single spin-echo but can 
be avoided in stimulated or double spin-echo sequences. Using an identical imaging setup, the worst rotation 
for a ‘Maxwell-compensated’ waveform has a negligible dephasing vector and no observable loss of signal 
(bottom row). Note that the glyphs show the residual dephasing for several orientations of the symmetry axis 
using the rotation method described in Szczepankiewicz et al. (2019a), where a final rotation around the sym-
metry axis is applied to find the worst case scenario. Details about the experiments and open source tools8 for 
analysis of concomitant gradients and their effects can be found in Szczepankiewicz et al. (2019d). 
|𝐦𝑛| ≤ 𝐿𝑛. Eq. 24 
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Based on this principle, an optimization framework 
for motion compensated waveforms was proposed 
for linear encoding (Aliotta et al., 2017) and a simi-
lar approach has also been presented for tensor-val-
ued diffusion encoding (Szczepankiewicz et al., 
2020b). Naturally, there exists a tradeoff between 
constraining higher order moments and encoding ef-
ficiency, where constraining ever higher orders of 
motion reduces the encoding efficiency (compare 
motion compensated waveforms in Figure 3). 
Therefore, alternative methods to alleviate effects of 
incoherent motion may be preferred. For example, 
the effect of capillary blood flow can be suppressed 
by avoiding sampling at low b-values (Le Bihan, 
2013), systematic motion can be avoided by using 
gated imaging (Nunes et al., 2005), and post-pro-
cessing can alleviate pulsation artefacts (Skare and 
Andersson, 2001, Gallichan et al., 2010). 
In the final column of Figure 7, flow encoding is 
shown for several gradient waveforms. As with the 
diffusion time dependence, unless compensated, the 
strength of flow encoding varies across waveform 
designs and across rotations of any given waveform. 
5. Artifacts caused by diffusion encod-
ing gradients 
Several imaging artifacts and sources of signal error 
are related directly to the diffusion encoding gradi-
ent waveform. Unlike the effects in the previous sec-
tion, these features are unlikely candidates for novel 
 
9 Symmetry explanation Here, symmetric gradients are taken to mean identical waveforms on either side of the refocusing 
pulse, but with no restrictions on their translation in time. 
biomarkers, and their removal is a categorical im-
provement. Here, we survey the origin and effect of 
gradient balance, concomitant gradients, gradient 
non-linearity, and eddy-currents. 
5.1. Gradient balance and residual dephasing 
Diffusion encoding gradient waveforms are de-
signed to have a negligible 0th moment to yield a so-
called ‘balanced’ waveform such that no phase 
change is induced to any stationary spin. This means 
that the dephasing vector used for diffusion encod-
ing, 𝐪(𝑡), should not contribute any offset to the 
readout trajectory, 𝐤(𝑡). Note that these share the 
same definition, but are denoted differently for his-
torical reasons, and to emphasize their difference in 
function (Blümich, 2016). The unintended residual 
gradient moment is 
and the gradient waveform is called balanced only if 
?̃? ≈ 0. This condition is normally straightforward to 
satisfy, e.g., by using symmetric9 gradient wave-
forms such that the sign reversal of the refocusing 
ensures that the moment before and after are equal 
and opposite (Grebenkov, 2007). However, for 
asymmetric gradient waveforms, additional care is 
required to ensure balance. For example, a residual 
moment (?̃? ≠ 0) may be caused by numerical errors 
or inaccurate timing when gradient waveforms are 
created on a low resolution time-grid, and later re-
sampled to fit the gradient raster required by the 
hardware or pulse sequence. In cases where ?̃? is rel-
atively small, it can be nulled by adding a ‘balancing 
gradient’ which creates a dephasing vector with 
?̃? = 𝛾 ∫ 𝐠(𝑡)d𝑡
𝜏
0
= 𝐪(𝜏), Eq. 25 
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equal magnitude but opposite direction (𝐤bal = −?̃?) 
(Szczepankiewicz, 2016). 
The effects of residual dephasing can be challenging 
to detect visually because they depend not only on 
the magnitude of ?̃?, but also its orientation with re-
spect to the imaging and readout. For example, in an 
ideal spin-echo sequence with rectangular slice pro-
files and two-dimensional echo-planar imaging 
readout (Mansfield, 1977), the signal bias factor 
(BF) (Menditton et al., 2006) caused by a residual 
dephasing can be approximated by (Baron et al., 
2012, Norris and Hutchison, 1990, Du et al., 2002, 
Szczepankiewicz et al., 2019d) 
where 𝐧s and 𝐧p are unit vectors (3×1) pointing 
along the slice normal and phase-encoding direc-
tions, ST is the slice thickness, Δ𝑡 is the echo-spac-
ing time, Δ𝑘 is the step size in k-space, and 𝑇2
∗ is the 
observed transversal relaxation rate. Importantly, 
?̃? ∝ √𝑏, and the error can therefore be mistaken for 
diffusion effects (Baron et al., 2012, 
Szczepankiewicz et al., 2019d). 
5.2. Concomitant field gradients 
Residual gradient moments, as described above, 
may also be caused by so called ‘concomitant gradi-
 
10 Note that, unlike all other gradient waveforms in this paper, the resulting 𝐠c(𝑡, 𝐫) is not defined as the ‘effective 
gradient,’ meaning that the concomitant gradient is balanced when 𝛾 ∫ ℎ(𝑡)𝐠c(𝑡, 𝐫)d𝑡
𝜏
0
= 0. See Eq. 28 for description 
of ℎ(𝑡). 
ents.’ In fact, all linear field gradients are accompa-
nied by concomitant gradients, also called ‘Maxwell 
terms,’ but they manifest as signal artifacts only if 
they are poorly balanced (Eq. 25). The concomitant 
gradient waveform can be approximated by 
(Szczepankiewicz et al., 2019d, Baron et al., 2012, 
Meier et al., 2008, Bernstein et al., 1998) where |𝐁0| 
is the main magnetic field strength and 𝐫 (3×1) is the 
position vector relative to the isocenter10. Concomi-
tant gradients are generally too weak to have a rele-
vant effect on the actual diffusion encoding b-tensor 
(Baron et al., 2012), but they may contribute a posi-
tion dependent dephasing vector at the end of the en-
coding (?̃?(𝐫) ≠ 0); no longer straightforwardly re-
movable by a linear balancing gradient. This effect 
is especially prominent for diffusion encoding gra-
dients due to their high magnitude, but can also be 
caused by imaging gradients (Irfanoglu et al., 2012). 
The dephasing vector depends on the amplitude and 
rotation of the gradient waveform, and its impact on 
the signal depends on multiple imaging parameters 
(voxel size, bandwidth, etc.) as described in Eq. 27. 
It is therefore difficult to detect and recognize in raw 
data (Zhou et al., 1998, Du et al., 2002) and can eas-
ily be mistaken for diffusion effects (Baron et al., 
2012), in turn causing gross errors in subsequent 
quantification (Szczepankiewicz et al., 2019d). 
For linear diffusion encoding the effects of concom-
itant gradients can be compensated by ensuring that 
𝐠c(𝑡, 𝐫) ≈
1
4|𝐁0|
 [
𝑔z
2(𝑡) 0 −2𝑔x(𝑡)𝑔z(𝑡)
0 𝑔z
2(𝑡) −2𝑔y(𝑡)𝑔z(𝑡)
−2𝑔x(𝑡)𝑔z(𝑡) −2𝑔y(𝑡)𝑔z(𝑡) 4𝑔x
2(𝑡) + 4𝑔y
2(𝑡)
] 𝐫, Eq. 26 
𝐵𝐹 ≈ |sinc(𝐧s
T?̃? ⋅ 𝑆𝑇)|
⋅ exp (−|𝐧p
T?̃?|
Δ𝑡
Δ𝑘 ⋅ 𝑇2
∗) 
Eq. 27 
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the integral of the square of the gradient waveform 
in a spin-echo sequence is equal before and after the 
refocusing pulse (Zhou et al., 1998). The concomi-
tant gradients can also be suppressed in a single 
point in space—but not the whole slice or volume—
by an  
online subtraction of the predicted concomitants 
(Meier et al., 2008). For tensor-valued encoding, 
compensation throughout a given volume and imag-
ing setup can be achieved by optimizing waveforms 
where the so called ‘Maxwell index’ (m) is con-
strained to a sufficiently small value, also known as 
‘M-nulling.’ The Maxwell index is defined as 
(Szczepankiewicz and Nilsson, 2018, 
Szczepankiewicz et al., 2019d) 
where 𝐌 = ∫ ℎ(𝑡)𝐠(𝑡)𝐠T(𝑡)d𝑡
𝜏
0
 and ℎ(𝑡) is a sign 
function that assumes values of ±1 to indicate the 
direction of spin dephasing. Waveforms with suffi-
ciently low values of m will have concomitant gra-
dients with negligible residual 0th moment vectors 
(?̃? ≈ 0, Eq. 25), independent of scaling, rotation of 
the waveform, and position within the FOV. 
An alternative strategy, is to ensure that the matrix 
in Eq. 26 integrates to zero, or so called ‘K-nulling’ 
(Szczepankiewicz et al., 2019d, Lasič et al., 2020). 
Although this approach yields gradient waveforms 
with somewhat higher efficiency, they cannot be ar-
bitrarily rotated without compromising the concom-
itant gradient compensation, nor is the compensa-
tion robust to gradient non-linearity 
(Szczepankiewicz et al., 2020a). However, K-nul-
ling may be preferred in applications where rotation 
of the waveform is not necessary, such as spherical 
b-tensor encoding, preferably in conjunction with 
max-norm optimization. 
Figure 8 shows examples of several gradient wave-
forms, their concomitant gradients, and their impact 
on the final dephasing vector. It showcases that con-
comitant gradients can cause a complete loss of sig-
nal, even at moderate b-values and clinical MRI 
hardware specifications. 
5.3. Field gradient non-linearity 
The magnetic field gradient is generally assumed to 
be linear within the maximal field of view of any 
given MRI system. However, due to practical con-
siderations in the design of the gradient coils 
(Hidalgo-Tobon, 2010), the field gradient may di-
verge from linearity; referred to as ‘gradient non-lin-
earity’ or ‘non-uniformity.’ Non-linearity can be 
measured directly at each MRI system, whereby it 
can be considered during image reconstruction 
(Doran et al., 2005) and diffusion-weighted meas-
urements (Bammer et al., 2003). The non-linearity 
can be modeled by a linear transform (𝐋, 3×3) at po-
sitions (𝐫) in space such that the actual gradient 
waveform—perturbed by the gradient non-linear-
ity—can then be approximated by (Bammer et al., 
2003) 
and an accurate, position dependent, b-tensor can be 
calculated by inserting 𝐠gnl in Eq. 5 and Eq. 6, such 
that 𝐁gnl(𝐫) = 𝐋(𝐫) 𝐁 𝐋
T(𝐫). These spatially vary-
ing b-tensors can be used in the subsequent analysis 
to recover accuracy (Tan et al., 2013, Jovicich et al., 
2006). In principle, the impact of gradient non-line-
arity on the b-tensor can be suppressed by reducing 
the gradient amplitude and extending the encoding 
time (Eq. 10), however, this approach may not be 
feasible in practice as it trades accuracy for a longer 
diffusion encoding duration and echo time.  
𝑚 = √Tr(𝐌𝐌) Eq. 28 
𝐠gnl(𝑡, 𝐫) = 𝐋(𝐫) 𝐠(𝑡) Eq. 29 
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Due to the tradeoff between gradient performance 
and gradient linearity (Hidalgo-Tobon, 2010), the 
effect is likely most pronounced in systems designed 
to deliver ultra-high field strength (Mesri et al., 
2019, Bammer et al., 2003) and for insert coils with 
compact designs. Gradient non-linearity also affects 
the concomitant field gradients and the intended 
Maxwell compensation. It has been shown that 
Maxwell compensation (see section 5.2) by M-nul-
ling is robust to such effects, whereas K-nulling is 
not (Szczepankiewicz et al., 2020a). 
5.4. Eddy currents 
As for the conductive materials of the body, rapid 
changes in the gradient waveform induce currents in 
the surrounding conductive materials of the MRI 
system. Such currents are referred to eddy currents. 
In addition to heating the conductive material, eddy 
currents also generate magnetic fields which coun-
teract the execution of the gradient waveform that 
caused them. Since the eddy current has a finite de-
cay rate, an eddy current produced by the diffusion 
encoding gradients may linger and perturb the 
readout trajectory, causing eddy current image arti-
facts (Jezzard et al., 1998). 
The temporal behavior of eddy current field gradi-
ents (𝐠ec) can be approximated by a convolution of 
the time-derivative of the desired gradient waveform 
(d𝐠 d𝑡⁄ ) with a set of truncated exponential impulse 
functions (𝐻(𝑡) is the Heaviside function) with de-
cay constants (𝜆𝑖) specific to the system, such that 
(van Vaals and Bergman, 1990, Bernstein et al., 
2004) 
where 𝑤𝑖 are system specific amplitudes and the op-
erator ⊛ denotes convolution. In principle, the am-
plitudes and time constants can be calculated from 
the characteristics of the MRI system, but are more 
frequently measured empirically (Bernstein et al., 
2004). Notably, eddy current artifacts will depend 
on the direction and strength of the diffusion encod-
ing (Jezzard et al., 1998), making them heterogene-
ous across the dMRI experiment. 
Eddy currents are especially prominent for the gra-
dient waveforms used for diffusion encoding since 
these are frequently much stronger than those used 
for imaging. Since eddy currents oppose the desired 
application of gradients, the waveform shape is itself 
distorted. However, the desired shape can be re-
tained by so called ‘pre-emphasis,’ where the effect 
of eddy currents is predicted and accounted for dur-
ing the execution (Bernstein et al., 2004). Eddy cur-
rent effects can also be considered explicitly in the 
design of the encoding waveform. Approaches in-
clude eddy current compensation by using bi-polar 
pulses (Alexander et al., 1997), adjusting the timing 
of asymmetric pulses in a double spin-echo se-
quence (Reese et al., 2003, Finsterbusch, 2010), and 
a general optimization framework for eddy current 
minimization for arbitrary waveform timing and RF-
pulse setup (Aliotta et al., 2018). Eddy currents have 
also been accounted for in numerical optimization of 
tensor-valued diffusion encoding (Yang and 
McNab, 2018) based on the framework of Sjölund 
et al. (2015). We note that waveforms designed to 
minimize eddy currents will likely reduce the effi-
ciency of the diffusion encoding, whereas a post-
processing approach will not (Irfanoglu et al., 2019, 
Nilsson et al., 2015), calling for a careful considera-
tion of how such effects should be handled. 
𝐠ec(𝑡) = −
d𝐠(𝑡)
d𝑡
 
⊛ ∑ 𝑤(𝜆𝑖)𝐻(𝑡) exp(−𝑡/𝜆𝑖)
𝑖
 
Eq. 30 
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6. Concluding remarks 
Tensor-valued diffusion encoding has proven its 
value as part of the dMRI toolbox, but the design of 
the gradient waveforms used for encoding presents 
several challenges. Although many of the challenges 
have straight forward solutions, the designer of the 
experiment is charged to carefully consider the 
tradeoff between speed of acquisition and data qual-
ity versus the suppression of confounding effects 
and artifacts which may otherwise compromise the 
accuracy of both quantification and interpretation. 
We envision that a sophisticated design may even 
include all relevant features in the design of wave-
forms and sampling schemes, harnessing the bene-
fits of multidimensional correlation-experiments to 
facilitate a joint estimation of parameters related to 
diffusion, restriction, exchange, motion and beyond. 
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